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Classical hamiltonian perturbation theory formulated in terms of action-angle variables is applied 
to develop a general and systematic method for calculating the influence of anharmonic perturba-
tions on the motion of a charged particle in a Penning trap. Action-angle variables are ideally suited 
to determine the shifts of the characteristic frequencies in a perturbed orbit. The application of the 
method is demonstrated by several case studies. 

1. Introduction 

In the fifty years since its invention the Penning t r ap 
[1] has developed into a very impor tan t tool of experi-
menta l physics, useful wherever high precision experi-
ments demand a long time storage of charged particles 
[2, 3]. The field configuration of an ideal Penning t r ap 
consists of a static electric field, derived f rom a poten-
tial <P oc (2z2 — x2 — y2), and a superimposed static 
homogeneous magnetic field parallel to the z-axis. It is 
well known that the motion of a charged particle in 
this field can be described in terms of three indepen-
dent harmonic oscillators. In real experimental 
devices the field configuration differs f rom the ideal 
one for a variety of reasons: finite size, imperfections 
of the geometry of the electrodes, holes, slits and other 
modif icat ions of the electrodes as required by experi-
ment , misalignments and inhomogeneities of the mag-
netic field, space charge effects when a large number of 
ions is t rapped, and so on. In as far as these per tu rba-
t ions can be described by harmonic terms added to the 
hami l ton ian of the ideal configuration, they can be 
taken into account by a principal axis t ransformat ion 
[3, 4]. Anharmonic per turbat ions lead to more com-
plicated phenomena, instead of three uncoupled har-
monic oscillators one has to confront , in general, three 
coupled anharmonic oscillators. The characterist ic 
frequencies then depend on the constants of mot ion of 
the individual particle orbit, and a small change of the 
particle orbit is accompanied by a corresponding 
change of the characteristic frequencies. 

The aim of this paper is to provide a deeper under-
s tanding of these anharmonic effects, assuming they 
are small enough to be treated by per turba t ion meth-
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ods. Already in the last century, problems in celestial 
mechanics st imulated the development of a systematic 
per tu rba t ion theory, based on the formulat ion of clas-
sical hamil tonian mechanics in terms of action-angle 
variables [5 -7 ] . Subsequently these methods became 
very impor tan t in the early development of q u a n t u m 
theory, in fact M ax Born 's "Lectures on the Mechan-
ics of A toms" [8] are nowadays considered as a stan-
dard reference for classical per turba t ion theory. These 
methods are likewise applicable to the mot ion of a 
charged particle in a Penning trap, because the orbits 
mostly involve large q u a n t u m numbers . 

In the following sections we first give a brief sketch 
of the theory of the ideal Penning trap, followed by an 
outline of classical hami l tonian per turba t ion theory 
applied to a Penning t r ap with anha rmonic pertur-
bations, finally the general results are illustrated by 
several specific case studies. 

2. The Ideal Penning Trap 

The ideal Penning t r a p consists of the following 
conf igurat ion: A particle of mass m and electric 
charge q is moving in a static electromagnetic field 
E= —\<P0, B=\ x A0 with potentials given by 

<P0(x,y,z) = ^ \ ( 2 z 2 - x 2 - y 2 ) , (2.1) 
jr0 

A0(x,y,z) = \B0{-yex + xey). (2.2) 

Equipotent ia l surfaces of <P0 are hyperboloids of revo-
lution. To manufac tu re an ideal Penning trap, two of 
these hyperboloids have to be realized as conduct ing 
surfaces (see Figure 1). In particular, the one-sheeted 
hyperboloid conta ining the point (x, y, z) = ( r 0 , 0 , 0) 
(i.e. the ring electrode) is on potential — ~ U0, while 
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teristic frequencies are defined by 

qB0 

Vx 2 + y 2 

Fig. 1. The figure shows the intersection of an ideal Penning 
trap with a plane containing the axis of rotational symmetry 
(z-axis). The heavy lines represent equipotential surfaces 
realized by the conducting surfaces of the electrodes. In par-
ticular, the end cap electrodes (horizontally hatched area) are 
given by 2z2 — x — y 2 = 2r„, the ring electrode (vertically 
hatched area) by 2z2 — x2 — y2 = — The case study of 
Sect. 4.3 assumes the hatched areas to be filled with a mate-
rial of permeability p. 

the two-sheeted hyperboloid conta ining the point 
(x, y, z) = (0, 0, r0) (i.e. the two cap electrodes) is on 
potential + f U0. The vector potential A0 represents a 
homogeneous magnetic field parallel to the z-axis, 
B0 = B0ez. The mot ion of the charged particle is de-
scribed by the hamil tonian [9] 

2m \ c 
(2.3) 

The equat ions of mot ion have the general solution 

x{t) = +RT COS <P<+
0)(t) + R(0) cos <P(_0)(F), 

y(f) = — K+0) sin cp^{t) -R-] sin cp^(t), (2.4) 

z(r) = Z ( 0 ) cos (pl0)(t), 

where R + \ R{°\ Z ( 0 ) are constants of mot ion charac-
terizing the particle orbit, and where the linear func-
tions 

(pTit) = o)+ t + a+, 

cp{°\t) = co_t + a _ , (2.5) 

<jp*0,(t) = co.r + oc, 

are the "angle variables" that describe the progression 
of the particle on its orbit. The phases a + , a _ , a . are 
determined e.g. by initial conditions, and the charac-

mc 

co, = 
' 4 q U o 

3mro 

(cyclotron frequency), 

(axial frequency), 

a»! = j / a j^ — 2 co2, 

co + = 4 (coc + cUi) (modified cyclotron frequency), 

co_ = \ (coc — tOj) (magnetron frequency). 

Conf inement of the charged particle to the center of 
the t rap requires q U0 > 0. Under the usual operat ing 
condit ions [2, 3] one has coc > co,, and thus 

co„ co + > co, > co _ . (2.7) 

The frequencies co+, co,, co_ usually differ by one or 
several orders of magni tude. 

The canonical equat ions of motion also yield the 
canonical momen ta as functions of time 

px(t) = (— R(
+

0) sin (p^(t)+R{0) sin (?<_») , 

171 (1) 
Py(t) = {-RT cos cp^(t) + K(-0) cos cp^(t)), 

p:(t) = -mcoz Z ( 0 ) sin <p<0)(t). 

By a canonical t ransformat ion [9] 

1 

(2.8) 

9-

1 
q- = yß 
q3 = |/mcozz, 

(l mcox x — / 2 p i I 1/ 2 
x — 

/ mcoi yJ 

(l /mcol X + / 2 P^ I 2 
X + / mcoj / 

(2.9) 

II 

mcox / 2 

II 

2 / mcox 

/ mft»! / 2 

1/2 V 1/ 2 / mcoj: 

1 
P 3 = 

lA 
Pz 

mco, 

the hamiltonian equation (2.3) is brought into the form 

co. .. co_ „ , ft). t , 
H0 = ^ (g2

+ + (q2- + P-) + Y (93 + Pi)• 
(2.10) 
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It is impor tan t to note the negative sign in f ront of the 
term describing the magnet ron motion. It requires the 
equat ions of motion 

q~ = — co_ p _ , P - — + (O- q -

as opposed to 

q+ = + a)+p+, p+ = -(o+q + 

q3= + o)zp3, p3=-o)zq3. 

(2.11) 

(2.12) 

The explicit solution of the equat ions of mot ion given 
by (2.5) and (2.9) shows that we are dealing with a 
multiple periodic system that is amenable to a descrip-
tion in terms of action and angle variables. The action 
variables are defined by 

Zn Zn 

Ji0) = ^-$P;dqz 
Zn 

(2.13) 

with the integral extended over one period of the 
respective oscillator. The equat ions (2.11) and (2.12) 
imply 

J(
+

O)^0, o, J<0)^0. (2.14) 

By a second canonical t ransformat ion [9] we intro-
duce the angle variables (p(+\ cp(®\ (p(

z
0), which were 

defined in (2.5), as our new canonical coordinates, with 
the action variables J ( ° \ J ( ° \ J<0), as their correspond-
ing canonical momenta . The hamil tonian then takes 
the form 

H 0 = co+ J f + co_ J(_0) + cozJ<°>. (2.15) 

Using (2.9), (2.4) and (2.8) we can evaluate the inte-
grals in (2.13) and obtain the connection between the 
action variables and the orbital constants R(+ \ 
Z ( 0 ) . 

J(
+

0) = \ maj1 (R<+
0))2, JL0) = - \ mco, (RL0))2, 

Jz0) = \ mcoz(Z(0))2. (2.16) 

To obtain the cartesian coordinates and conjugate 
cartesian momenta in terms of action and angle vari-
ables, the expression (2.16) must be inserted into (2.4) 
and (2.8). 

The canonical equat ions of mot ion following f rom 
(2.15) are 

<p^ = co+ = 
c H 0 

a J < 0 ) ' 
0<_°> = co_ = 8 H o 

0J(_O) ' 

• (0) ™0 (2.17) 

These equat ions are trivial for the ideal Penning trap, 
their generalization for the per turbed Penning t rap 
forms the basis of the approach to be described in the 
next section. 

3. The Perturbed Penning Trap 

3.1. How to Formulate the Problem 

The mot ion of a particle with mass m and electric 
charge q in a non-ideal Penning t rap can be described 
by the hamil tonian 

H = 
1 

2m 
p A) + q<P 

with potentials 

<2> = <£0 + <54>, A=A0+SA, 

(3.1) 

(3.2) 

where $ 0 a n d A 0 are the potentials of the ideal 
Penning trap, given by (2.1) and (2.2), and where 0<P 
and SA represent the potentials of the static per-
turbing fields. We can thus write 

H = H0+V 
with 

V= q 0<P — (p — — A0 
mc \ c 

SA + 
2 m c ' 

(3.3) 

(SA)2. (3.4) 

F o r physical reasons (no pointlike sources inside the 
trap) the per turb ing potentials 0<P and SA may be 
assumed to be free of singularities and to possess 
power series expansions in the coordinates x, y, z in a 
ne ighbourhood of the origin (center of the trap). In-
cluding also the canonical momen ta px, py, pz in the 
power count ing (they appear in 0th or 1st power only), 
the per turbing interact ion V may likewise be written 
as a power series expansion in x, y, z, px, py, pz: 

V =V0 + XV1 + A2V2+ / 3 F 3 + a 4 F 4 + . . . , (3.5) 

where A"Vn is the sum of all terms of degree n, i.e. 
all terms of the form xkl yk2 zki pk

x" pk
y
5 pk

z
6 with 

kl+k2 + k3 + k4. + k5 + k6= n. The parameter k is the 
usual count ing pa ramete r of per turba t ion theory, that 
helps us to organize the calculation and which will be 
set equal to one in the final results. 

3.2. How to Prepare the Hamiltonian 

Cons tan t terms in the expansion of the potentials 
S<P, SA are physically irrelevant and can be dropped. 
Thus Vq = 0, while receives contr ibut ions only f rom 
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the linear terms in the expansion of 0<P. Writing /.Vx = 
| m co2 (2 c z — ax — by) with suitable coefficients a, b, c, 
this term can be eliminated by a t ranslat ion of the 
origin in phase space: x'=x + a, y' = y + b, z ' = z + c, 
P'x= px~\mo)cb, p'y= py+\mcoca, p'z=pz. 

The next term A2V2 receives its cont r ibut ions f rom 
the quadra t ic terms in the expansion of 5<P and f rom 
the linear terms in the expansion of ÖA. The latter ones 
represent a static homogeneous magnetic field ÖB0 = 
<5ßj| E. + ÖBQ, which may have a componen t ÖBQ per-
pendicular to the symmetry axis (z-axis) of the Pen-
ning trap. O u r next goal must be to define as a start ing 
point for the desired per turba t ion scheme a new Oth 
order hamil tonian H'0 that already includes the most 
impor tan t contr ibut ions f rom A2V2, but still has the 
same symmetry properties as H0. Depending on 
whether we deem an exact t reatment of the magnet ic 
field B0 + ÖB0 or an exact description of the unper-
turbed electric potential <P0(x, y, z) to be of greater 
importance, we have the opt ion to decide for either 
one of two different strategies. 

(I) In the first case we introduce rotated coordinates 
x', y', z', such that the new z'-axis becomes parallel to 
B0 + ÖB0, and we include in H'0 all cont r ibut ions f rom 
the electric potential that can be written in the form 
\mco2 [(1 + p) 2 z ' 2 - ( l + x)(x'2 + y'2)], where p and x 
are suitable constants. Remaining cont r ibut ions f rom 
H0 + A2V2 are treated as a per turba t ion A2V2. 

(II) In the second case we keep the original coordi-
nates x, y, z, thus preserving the relation of the coordi-
nates to the geometry of the electrodes. We include in 
H'0 the contr ibut ion due to ÖB[j = ÖB^ E., as well as all 
contr ibut ions from the electric potential tha t are sym-
metric under rotat ions about the z-axis and under 
reflections by the xy-plane. The remaining terms to-
gether with those describing ÖBQ make up the per tur-
bat ion A2V2. 

Mak ing use of our f reedom to choose a suitable 
gauge, we write 

ÖA0=\ (ÖB0 X X ) = ^ A 0 + \ (ÖBQ1 x x) 
B o 

and define for the above two cases 

case (I): 

A' = A0+SA0, B=B0+ÖB0, ÖB = 0 ; 

case (II): 

SBl 

The new 0th order hamil tonian can then be written as 

Ho 2 m \ c 

+ [(1 +P) 2z2-(l+x)(x2 + y2)]. (3.6) 

In case (I) we have for reasons of simplicity suppressed 
the primes on the coordinates and have denoted the 
rota ted coordinates by x, y, z. The constants p, x must 
be computed from <P0 and the power series expansion 
of 0<P. In case (II) x, y, z are the original coordinates 
and the constants p, x are obtained from 0<P alone. 
The constants p, x can assume positive or negative 
values. The effect of the per turbing terms to be in-
cluded in the new 0th order hamil tonian H'0 is merely 
a redefinition of the frequencies. With B' = \ B \ we 
have 

co 'z = co, j / l +p, co; = — B\ 
mc 

(3.7) 
co \ = |/co'2 — 2co2(1 + x), co'+ = \ (co'c ± co\). 

The remaining per turbat ion terms of order A2 are 
collected in A2V2. Among these, either the one propor-
tional to xy or the one propor t ional to x 2 —y2 can be 
eliminated by a rota t ion of the coordinate axes in the 
xy-plane with the z-axis fixed. Thus, without loss of 
generality the remaining 2nd order per turbat ion may 
be assumed to be given in the form 

/2V2 = q [a(x2 — y2) + bxz + cyz ] 

2 mc 
ÖB x x l p A' 

c 
(3.8) 

A ' = \ + B~ ' A ° ' R = (<Bo + ÖBo)EZ, ÖB = ÖBQ. 

The ideal Penning t rap is symmetric with respect to 
ro ta t ions a round the z-axis and to reflections by the 
xy-plane. The first term in the expression (3.8) breaks 
these symmetries, the second one describes a misalign-
ment of the homogeneous magnetic field. Without an-
ha rmonic terms, the 2nd order problem can be solved 
numerically by a t ransformat ion to principal axes [4], 
Fo r t reat ing anha rmonic perturbat ions, however, it is 
more convenient to take advantage of the simplicity 
and the symmetry propert ies of the hamil tonian H'0 of 
(3.6). 

A general parametr isa t ion of the anharmonic terms 
/ . 3 F 3 , Z.4F4, . . . in (3.5) involves a large number of ar-
bitrary parameters . This number can be reduced con-
siderably by using the Cou lomb gauge for the vector 
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potent ia l and by observing that we must have 

A(S4>) = -4ng, A (SA) = - — j , (3.9) 

where g represents the space charge density inside the 
t r ap and j the associated current density [10]. 

3.3. How to Perform the Perturbation Calculation 

We have now set the stage for the per turbat ion 
t rea tment of the hamil tonian 

The per turba t ion me thod aims at finding new 
action and angle variables J+, J,, <p+, <p_, cpz such 
that the full hamil tonian H is a function of the new 
action variables only. The desired hamil tonian is 

H = H(J+,J_,JZ), (3.15) 

f rom which one derives the canonical equat ions of 
mot ion ( k = + , — ,z) 

d 8 H 
11 <Pk(t) = + TT" = Qk(J+, J-, J,), d t 

H = Ho4- A2VI + / 3 F 3 + A 4 F 4 + . . . . (3.10) 

The first step is to express this hamil tonian in terms of 
the action and angle variables Jk and q>'k of the hamil-
tonian H'0, with k= + , —, z. By a slight generalization 
of the results of Section 2 we find 

\ ——T ( + ]/TV cos <p'+(t)+ l / f j l ] cos (p'-(t)), 
]/ mcol

 v 

d J , 

d t 

e jk 

8 H 
= 0 , 

(3.16) 

(3.17) 

mca 
- ( - ]fr~+ sin (p'+ (t) - ] / | J l j sin cp'_ (t)), 

] f l i cos (p'z(t), 

x(t) = 

y(t) = 

z(t) = 

px(t) = 

Py(t) = 

pz(t) = - ] /2mcol • ]/7z sin cp'z{t) 

(3.11) 

implying that the new action variables are indeed con-
stants of the mot ion and that the characteristic fre-
quencies Q k , i.e. the time derivatives of the angle vari-
ables, depend on the constants of mot ion J+,J_,JZ 

and thus may differ for different particle orbits. Only 
when H is a linear funct ion of the action variables (as 
is the case for H'0) the characterist ic frequencies are the 
same for all particle orbits. 

The desired new action and angle variables are con-
structed by means of a canonical t ransformat ion with 
generating funct ion 

- ( - l / j ; sin <p'+ (0 + sin (r)), S((p'+, cp'z, J+, Jz) 

I ma) 
- ( - y T ; cos <p'+(t)+]/\JL\ cos q>'_(?)), 

= I rSm(<p'+,q>Lt<p't,J+,J-tJM)t (3.18) 
n = 0 

where 

(3.12) S0((p', J) = q>+ J+ + (pL + (p'z Jz (3.19) 

with co\, co'z, co'+ given by (3.7) and (p'k(t) = co'k t + oc'k. 
The 0th order hamil tonian is, of course, 

Ho = <o'+ J ; + a>'_ J'_ + o)'z Jz. (3.13) 

By inserting (3.11) and (3.12) into the per turbing terms 
/"Vn, these are immediately obtained as Fourier series 

j + J - J z 

• e x p ( i [ j + (p'+(t)+j, <p'-(t)+jz cp'M). (3.14) 

The j + jz are integer numbers, positive, negative, 
or zero, and by construct ion the range of the summa-
tion underlies the restriction \j+ \ + \ j_ \ + \j, \ ^ n. 
F o r later purposes it is important to note that for odd 
(even) n the sum j+ + -I- j, is always an odd (even) 
integer. Therefore, a t ime-independent term can occur 
in the expansion (3.14) only for even n. Fo r more 
compac t nota t ion we shall in the following denote the 
Four ie r coefficients also by ,4jn) (./')• 

is the generat ing funct ion of the identity. In terms of 
the generat ing funct ion S we have with k= + , —, z 

6S 8 
<Pk = 77 = (P'k + H Sn((p', J), cJk „=1 dJk 

dS 

dJ, 

8 
8 cpk n = i 8 cpk 

(3.20) 

(3.21) 

By the developments leading up to (3.14) we had 
brought the hamil tonian H into the form 

H = H'0(J')+ X A"Vn((p',J'). 
n = 2 

By insertion of (3.21) into this result we obtain 
00 q s 

H(j) = Ho(j)+ I 
n = 1 k 0(pk 

00 / 00 65 
+ X X'VH(q>',J+ z 

n = 2 V m= 1 0(P 

(3.22) 

(3.23) 
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and by a subsequent Taylor expansion 

H(J) = H'0(J) + £ ÄnHn(J). 
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with the derivative 

8 (3.24) 

At this point it is crucial to note that the right hand 
side must be independent of cp+, (p, term by term, 
and that there can be no time dependence via the (pk(t). 
In the course of our construct ion of H'0 the terms 
linear in x, y, z, px, py, p, had been eliminated, and 
thus the term linear in A is missing in (3.22). O n com-
parison with (3.23) we conclude that we must have 

SSj dSx 8Sx Q 
6 <p'+ 8<pl d(pl 

(3.25) 

so that all summat ions actually start with n = 2 and 
m = 2, respectively. 

O n compar ing (3.23) and (3.24) term by term 
for 1 = 2 , . . . , 6 one obtains the following relations 
(fc, / = + , — , z): 

ÖjS 

k ccpk 

H4.(J) = Z Wk 
8S4 

dS 

k 

6F2' as2 

(3.26) 

(3.27) 

(3.28) 

H5(J) = ^co'k —t+V5{<P\ J) 
0<Pk 

/ 8 F j as, 8F2' 05 3 

t \ d J k d(pk ' dJk d(p'k 

8 S 
H6(J) = Zaj'k-^+V6(cp',J) 

k d<Pk 

(3.29) 

+ 1 fc 
dVA 8 S, 8F, SS, 

87, + 8Jk 

1 ^ 82F2 ' 8S2 
+ - Z Z — — 2 k i dJk dJt 8cp'k 8(p\ 

8 (p'k + 8 Jk 

8 S , 

8F2' 8S 4 

0<Pk 

(3.30) 

As emphasized before, the right hand sides must actu-
ally be independent of cp+, <pz. 

Similar to the per turbat ion V the generating func-
tion S may be assumed to be given in the form of a 
Fourier series 

j+J-< j z 

• e x p ( i [ j + <p'+(t)+j_ cpL (t) +jz cp'M) (3-31) 

= I ijkBf!.j_,j,(J+,J-,JM) 

• e x p ( i [ j + cp'+(t)+j_ (pi(t)+jt<p'M)- (3-32) 

No te that (3.32) contains no term constant in time, i.e. 
with j + = j _ = j , = 0. The time average of (3.32) must 
therefore vanish. Equat ion (3.26) implies, because the 
left hand side is constant in time. 

A2H2(J) = A'$0(J) 

and 

(3.33) 

(3.34) 
j+ 0)'+ +j- oj'_ +jzco'z 

(j+J-Jz) 4= (0, 0 ,0 ) . 

Recalling our remarks following (3.14) we know that 
the time average of F3 must vanish, and thus we can 
conclude H3{J) = 0 and 

K I J M ) (3.35) 
J+0)++J_ co_ +jz w2 

0 + , ; _ , A ) + (0, 0 ,0 ) . 

Qui te generally we observe that the structure of our 
per turba t ion expansion is such that the Fourier series 
for A"S„ contains for odd (even) n only terms, for which 
j+ + j_ -I- jz is an odd (even) integer. This follows f rom 
the corresponding observation after (3.14) on the 
Fourier series of ÄnVn and the structure of (3.26)-(3.30). 
The immediate consequence is 

H„(J) = 0 for all odd n. (3.36) 

The expression for HA(J) is obtained as the time aver-
age, denoted by <• • •), of the right hand side of (3.28). 

k 8(pk 

(3.37) 

Using A'1)\J) = {A'/2){J))* and (3.32), (3.34), this can 
be evaluated in the form 

a*Ha{J) = A^ o ( J ) - - Z I t Jk 

2 j+.j-j, k j+co'+ +j- o) L +j2 co'z 

(3.38) 
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The sextic cont r ibut ion to H(J) is obtained as the t ime 
average of the right hand side of (3.30): 

)6H6(J) = A$0(J) 

6F, 6 5 , 6 K 

5 J„ 

Z Z 

8 <p'k + dJk 

d2V' 85 , 

65 

6 <p'k 

65 

a dVz L _l — 
8 J t 

85 4 

6 (p'k 

r ( 6Jk 8J , 8(pk dcpj 
(3.39) 

which can be fur ther evaluated using (3.32), (3.34) and 
(3.35), the expression for J34(J) being determined by 
(3.28). 

The main goal of these developments has now been 
reached: The characteristic frequencies of a per turbed 
Penning t rap can be calculated as a perturbation series 
up to any desired order, using (3.16), (3.24), (3.33), 
(3.38), and so on. Thus, including all terms up to 4th 
order we have (for k= + , —, z) 

Qk(J+, J_, Jz)-«*+ ® A'^0(J) + A^o(J) 
8 J t 6 J t 

1 -T Z z- JL 

2 j+,j-,jz l j+(0'++j_(0'_+jz(D'z 

82 

8 Jk 6 J, 
(3.40) 

In the next section the application of this formula will 
be demons t ra ted by several typical case studies. 

4. Applications 

In this section we demonstra te the application of 
the general theory to several specific problems, which 
we hope are instructive and useful examples for the 
type of quest ions that are encountered in practice. 

4.1. Perturbations of the Electric Potential 

Per tu rba t ions of the electric potential can be caused 
by deviat ions of the geometric shape of the electrodes 
f rom ideal hyperboloids of revolution, by misalign-
ments, by the finite size of the appara tus , by holes and 
slits in the electrodes as are necessary for experimental 
purposes, by addit ional surface charges on the elec-
trodes, as may be the case when these are covered with 
a nonconduc t ing oxyde layer, and by other similar 
causes. We expressly assume that there are no space 
charges (due to a particle cloud) at the center of the 
t rap. U n d e r this assumption the per turbat ions Ö& 
considered here must satisfy Laplace's differential 

equat ion in the interior of the t r ap 

6 2 6 2 8 2 

dx 2 + öy2" + 8z2 (4.1) 

This fact implies that 0<P must possess an expansion in 
spherical harmonics ^ ^ 

i l l a . - ^ + ^ i i . g i 
oo m = + / 

to(x)= z z 
1 = 1 m = -l 

The coefficients Q l m (analogous to multipole moments) 
completely characterize the pe r tu rba t ion 0<P, and be-
cause 0<P is real, they must satisfy 

Ql,-m = ( - I)™ Qt, (4-3) 

In the expansion (4.2) the / = 0 term has been omit ted 
as physically irrelevant. The 1 = 1 terms can be elimi-
nated, as discussed in Sect. 3, by a t ranslat ion of the 
origin of our coordinates in phase space. It is conceiv-
able, however, that in certain s i tuat ions this t rans-
lation would render the computa t ion of higher order 
terms more difficult, e.g. when surface integrals over 
the hyperboloids of the electrodes have to be evalu-
ated or other geometric considerat ions come into 
play. We may then choose the alternative procedure of 
treating the / = 1 terms by per tu rba t ion theory too. In 
that case, in the language of Sect. 3, we have 1 ^ + 0, 
and we must in the formal developments of Sect. 3 
keep all terms involving VY or 5 X . In the following, the 
/ = 1 terms will not fur ther be considered, and the 
summat ion in (4.2) will be assumed to start with / = 2. 

Symmetries of the pe r tu rba t ion 5<P can be used 
to reduce the number of relevant coefficients Q l m . 
Rotat ional symmetry a r o u n d the z-axis requires the 
vanishing of all coefficients Qlm with m + 0, i.e. 
Qim = S 0 m Q l 0 . Symmetry under space reflections with 
respect to the origin requires Qim = 0 for all odd I. 
Symmetry with respect to reflections by the xz-plane 
implies tha t all Q l m must be real. 

Thus a per tu rba t ion invariant under ro ta t ions 
a round the z-axis and under space reflections can be 
expanded in the form ^ ^ 

<54>(x) = Z (?2fc, o ' (*2 + y 2 + z2)k P2k ( 
* = I \]/x2 + y2 + z2J 

Inserting the expressions for the spherical harmonics 
and using r 2 = x 2 + y 2 we obta in 

S(P(X) = Q20 - | ( 2 Z 2 — r2) + ß 4 0 • | ( 8 Z 4 - 2 4 Z 2 r 2 + 3 r 4 ) 

+ Q60 • ± (16 z 6 - 1 2 0 z 4 r2 + 90 z 2 r 4 - 5 r6) + . . . . (4.5) 
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The quadra t ic term can be absorbed into H0 by re-
definition of the frequencies co. and cox, as discussed in 
Section 3. The quart ic and sextic anha rmonic terms 
are uniquely determined in their funct ional form, only 
their strength parameters ( ) 4 0 and Q 6 0 are variable. 

Let us now apply the per turba t ion theory of Sec-
tion 3 to evaluate the effect of the per turbing potential 
given by (4.5). We first define a new Oth order hamil-
tonian 

H'0 = H0 + /.2 V2 = H0 + q Q20 • I (2 z 2 - r2) (4.6) 

and the modified frequencies: 

- l / 2« (2U„ \ 

OJ\ = ]/co2 - 2 co'2 , (4.7) 

CO+ = i (coc + Oi\) . 

• A Theory of Anharmonic Perturbations in a Penning Trap 

The remaining per turbat ion is 

f ' = ; 4 F 4 + ; . 6 F 6 (4.8) 
with 

x 4 F 4 = qQw • I ( 8 z 4 — 2 4 z 2 r 2 + 3r 4 ) , (4.9) 

Fg = qQ60 • j ^ ( 1 6 z 6 — 1 2 0 z 4 r 2 + 9 0 z 2 r 4 - 5 r 6 ) . 

(4.10) 
With V2 = V3 = F5 = 0 our general equat ions (3.26) to 
(3.30) imply S2 = S3 = S5= 0, and thus 

H (J) = H'0 (J) + / 4 / / 4 (J) + ?6H, (J) 

= H'0{J) + A®0{J) + A®0{J). : (4.11) 

All that is still required is the calculation of the Fourier 
coefficients ^,

0
4

0
)
0 = < / 4 F 4 > and A$0 = (X6V6}. F r o m 

(3.11) we have 

r2(t) = ( j ; - j: + 2|/j;|j:|cos(<p'+(f) - <p'_(r))), 
mcoj K 

J' 
z 2 ( t ) = — + cos 2</>'.(?)) • (4.13) 

mco. 

By straightforward algebra, using identities for the t r igonometric functions, we find 

^000 (J) ~~ 
3 9 0 4 0 J.2 

2 " 2 m _col2 

5 iQeo 1 
y m3 

+ 
CO, 

• z - 3 — - J ? ( J + - J - ) coz cox 

5 1 
+ ——7 Jz{Jl+J2 - 4 J+ J_) T ( J 3 - 9 J l J _ + 9J+J2 — J 3 ) 

CO .CO 1 CO I 

F r o m (3.40) we now obta in immediately the characteristic frequencies of the orbit of the trapped 
particle: 

2 1 
— Jz + — (J+~2J_) Q+ ( J + , J_ , J.) = co'+ + 

m 

5 9 Ö60 

COiCO, CO 

+ 

(J + , J_ , J . ) = co'_ + 

2 m3 

3 ^ 0 4 0 

5 , 10 3 
- , , , J 2 + —7—tt -M-/+ - 2 J _ ) - -—r (J 2 - 6 J + J_ + 3 J 2 ) 

CO. (Ol ' CO. CO 1 CO, '1 

2 1 
+ —7—r J - + —77" (•/- - 2 J 4 COj CO. " cox 

(4.14) 

(4.15) 

(4.16) 

5 q Qeo 5 , 10 3 , 
+ l2 , J-_ + , ,, JZ{J- ~2 J+) + — (J 2 - 6 J+ J_ + 3 J 2 ) col2 CO \ CO, CO I 

rt 1 1 1 1 \ > , ^40 iL(J+, J / .) = CO. + 

+ 

m 

5 q Ö60 

1 2 
+ - T T Jz - —,—r (J+ - J -co. * (Ol (O, 

10 5 
J-2 73—r J-(J+ — •/_) + , ,2 ( i 2 - 4 J + J _ + J 2 ) 

CO. CO J CO. CO 1 
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This result has a rather abstract appearance. To cast 
it into a more practical form we write on the basis of 
(3.21), (3.11), and (2.16) 

J I J L. / 7 S 4 ( < P \ J ) + (4 .17 ) 

+ \mco\R'2, -\ma>\R'2, 

J2 K + \ma>'zZ'\ (4.18) 

where R'+, R'_, Z' denote the amplitudes of the three 
ha rmonic oscillators contained in H'0. Dropp ing for 
fur ther simplification the contr ibut ions f rom sextic 
per turba t ions , (4.16) assumes the form 

(4.19) 

Q+ (R'+, R'-,Z') = co'+ + \ • (R2 + 2R'}—2Z'2), 
2 mo) l 

(R'+, RL ,Z')=co '_ + -• (_ 2 R'i - R'3 + 2 Z'2), 
2 ma>\ 

Qz(R'+,RL,Z') = co'z + ^ - ^ - ( - 2 R ' 2 - 2 R ' 3 + Z'2), 
2 moj. 

When these equat ions are applied to an ensemble of 
t rapped particles, with orbit parameters R'+, R'_, Z' 
distr ibuted over a finite interval, then a finite linewidth 
is expected for the three characteristic frequencies. 

The considerat ions above have assumed rota t ional 
invariance a round the z-axis. There are, however, in-
teresting applicat ions for which this assumption is too 
stringent. F o r example, experimental techniques often 
require tha t the ring electrode be divided into two 
equal pieces by a slit of finite width coincident with the 
xz-plane. In this situation we still have invariance with 
respect to reflections by the xy-plane, by the xz-plane, 
and by the yz-plane, implying symmetries also under 
space reflections with respect to the origin and under 
ro ta t ions by 180° a round the z-axis. As consequence, 
in (4.2) the coefficients Q l m must vanish when / is odd 
or when / is even and m is odd. The nonvanishing 
coefficients must be real. Thus, inluding contr ibut ions 
up to / = 4, (4.2) reads 

<54>(x) = (x2 + y2 + z2)[Q20Y20 + Q22(Y22+Y2_2)] 

^ ( X 2 + Y 2 + Z 2 ) 2 [q40 Y 4 0 + Q 4 2 ( Y42 + Y4 _ 2) 

Y44 + y 4_ 4 ) ] + . . . . (4.20) 

By insertion of the expressions for the spherical har-
monics we obtain 

= Ö 2 0 - I ( 2 z 2 - x 2 - y 2 ) + Ö22 • l / | ( x 2 - y 2 ) 

+ Q40 • | ( 8 z 4 - 2 4 z 2 ( x 2 + y2) 4- 3(x 2 + y2)2) 

+ Q42 ' ] / f (6z 2 —x2 —y2)(x2 —y2) 

+ Ö 4 4 - l / ! ( * 4 - 6 x 2 y 2 + y 4 ) + . . . . (4.21) 

The coefficients Qlm must be computed by analyzing 
the geometry of the modified Penning trap. Brown 
and Gabrielse [3] argue that this can be done to a good 
approx imat ion by representing the slit by a layer of 
electric dipoles. We will not fur ther pursue this ques-
tion but assume the coefficients to be known. 

F o r the per turba t ion t rea tment we proceed in a 
similar fashion as before. A new 0th order hamil tonian 
and new 0th order frequencies are defined by (4.6) and 
(4.7). The remaining per turba t ion of order x2 

^Vi = qQ22-]/\{x2-y2) (4.22) 

is Four ier analyzed using 

2 
x 2 —y2 = ( j ; cos 2 (p'+(t)-JL cos 2 q>'_ (r) (4.23) 

mo/, 

+ 2 I / J ; I J : I cos [<?; (ty+ (r)]). 

This expression conta ins no cons tant term, and thus 
we obta in no cont r ibut ion of order / } to (3.24). The 
cont r ibut ion to H (J) of order A4 can be read off f rom 
(3.37) or (3.38). We find that the terms in 5<P coming 
f rom 1 = 4, m= ±2 and f rom 1 = 4, m= ±4 have no 
cons tant term in their Four ier expansion, and thus 
Aooo(J) is again given by (4.14). Including all contri-
but ions up to order A4, the hamil tonian in terms of 
act ion-angle variables is given, according to (3.38), by 

m o)x coc 
-T T )+<UJ) + ----a>+ o)_ I 

7 ( 4 .24 ) 

The second term on the right hand side implies a well 
defined constant shift of the modified cyclotron fre-
quency and of the magne t ron frequency. 

4.2. Misalignment of the Magnetic Field 
and the Electrodes 

In the ideal Penning t rap as described in Sect. 2 the 
magnet ic field B0 = B0 e, is strictly parallel to the axis 
of ro ta t ional symmetry of the electrodes. In actual 
experimental devices the magnetic field B is sometimes 
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slightly tilted against this symmetry axis, causing a 
shift of the characteristic frequencies: 

B = B0 (ex sin a cos ß + ey sin a sin ß + e, cos a). (4.25) 

Setting B = B0 + öB0, we can study the per turba t ion 
due to ÖB0 by either one of the two strategies outlined 
in Section 3. Beyond its experimental significance, this 
problem is very interesting because it permits an 
assessment of the accuracy of our per turbat ion method 
by compar ing its results numerically against the exact 
values of characteristic frequencies for a misaligned 
magnetic field, which can be found as solutions of an 
eigenvalue problem according to work by Brown and 
Gabrielse [4], It will be shown below that our com-
puta t ional Method (I), which uses ro ta ted coordinates 
with the direction of B as new z-direction and con-
siders the electrodes ra ther than the magnet ic field as 
misaligned, leads to much more accurate results than 
the Me thod (II), which considers B as misaligned and 
treats ÖB0 as a per turbat ion . 

O u r calculations below will be based on the hamil-
tonian 

(4.26) 

H = }-\P "I ' 4 2 m\ c ' 
-A) + \ mtt>l [2 z2 y 2 - e ( x 2 - y 2 ) ] , 

where A = j (B x x), with B given by (4.25). Fo r more 
complete compar ison with the work by Brown and 
Gabrielse [4] we have included in H also an axial 
asymmetry of the electrodes described by the pa ram-
eter e. 

Method I: In t roducing a ro ta ted cartesian coordi-
nate f rame with coordinates x', y', z' and unit vectors 

e'x = ex cos a cos ß + ey cos a sin ß — ez sin a , 

e'y = — ex sin ß + ey cos ß, (4.27) 

e', = ex sin a cos ß -I- ey sin a sin ß + ez cos a 

we have 

B=B0e 1 and A = \{B x x) = \B0(-y' e'x + x'e'y). 

The hamil tonian (4.26) can then be rewritten as 

H = H'0+V' (4.28) 
with 

H'= — (P-1A) + ~mco2[\—\ sin2 a • (3 + e cos 2 ß)] 
2m \ c j " 

• [ 2 z ' 2 - x ' 2 - y ' 2 ] , (4.29) 

V = a(x'2 — y'2) + b-2x'y' + c-2x'z'+ d-2y'z' (4.30) 

A Theory of Anharmonic Perturbations in a Penning Trap 

and 

a = + \ M ID2 • sin2 a • (3 + e cos 2ß) — E cos 2 ß], 

b = + ~mco2 • cos a • e sin 2ß, 

c = — I m co2 • sin a • cos a • (3 + £ cos 2 ß), 

d = + \mco2 • sin a • e sin 2ß. (4.31) 

The hamil tonian H'0 describes an ideal Penning t r a p 
with the characteristic frequencies 

co, = 
q B 0 

mc 

co ; = co, • ] / \ s i n 2 a • (3 + ecos 2ß ) , 

a>\ = | /co2 — 2co',2 = ]/co2+ co2 sin2 a • (3 + e cos 2 ß ) , 

co'+ =j(coc + co'j), 

co'_ = j(coc — CD\) . (4.32) 

The problem has thus been reduced to that of an ideal 
Penning t rap with a purely electrostatic per turbing 
potential quadra t ic in the coordinates. This type of 
problem was treated in full detail in the first par t of 
this section. In particular, a rguments such as those 
leading to (4.23) show that the t ime-independent term 
in the Fourier expansion of V vanishes, and with it 
the term A2H2 of the per turbat ion series (cf. (3.33)). 
The lowest nonvanishing term of the per turbat ion 
series is /.4T/4 , which can be computed using (3.38). In 
the approximat ion H ^ H ' 0 + / 4 7 f 4 the characteristic 
frequencies are obtained from (3.40) as 

Q+ = co'+ + 

Q = co'_ — 

Q, = c o + 

2(q 2
 + b2 

m2 co\ COC 

1 2 (c2 + d2) 
— + 

1 

COi m2 co, co. 

2 (a2 + b2) 1 2 {c2 + d2 

m co! coc 

3 (c2 + d2) 

CO_ m2co\ 

(co'2 — co'2) (co'2 — co'2) 
(4.33) 

O n e can try to improve this result by comput ing also 
the per turba t ion term of order /.6 using (3.39). The 
result is 

C 
3 , J2 

1 m co 

co+ 

co„ 

co. —co, coc 

(•co'2-co'2)(co'j2-co:2) 

2co'_ 1 

co. ,2 tl co+ — co2 
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+ 
C 

3 i2 m co i 

CO. co'2 — co'.2 + co\ coc 

coc {co'2 — co'2) (CO'2 — co'2) 

2 CD'. 1 

+ 
C 

3 12 m co i 

2 co'2 

(CD'2-CO'2)(CD'3-CO'2) 

J_ 

co'_ 

7 (4.34) 
CO. 

with 
C = (a + ib)(c-id)2 + (a-ib){c + id)2 

= 2a(c2-d2) + 4bcd. 

Method I I : This approach treats the magnetic field 
as misaligned, causing a per turbing vector potential 
ÖA0 = \(ÖB0 x jt). As a new Oth order hamil tonian we 
in t roduce 

H'o = —— (p — — A0 cos a J + jmco2(2z2-x2~y2) 
2m \ c J 

+ T Z ( — Y s i n ' « " (2 z2 + x 2 + y2) . (4.35) 
16 \ mc / 

Defining 

W2 . 2 
p = — x = ——r- sin a , 

4coz 

this can be rewrit ten as 

H'o = ( p - - ^ cos a 
2m V c 

(4.36) 

+ 1 m co2 [2 z 2 (1 + p) - (x2 + y2) (1 - p)]. (4.37) 

F r o m this expression the characteristic frequencies of 
H'0 can be read off to be (cf. (3.7)) 

coc 

co'. 

co\ 

OJ'h 

o/, 

= coc cos a , 

= co, | / l + p , 

>'i = l / K 2 - 2 c o 2 ( l - p ) = }/co2-2co'2 , (4.38) 

>+ = | K + 

>'+ = i ( c o ; - c o ' 1 ) . 

The complete hami l ton ian H can then be written as 

H = H'0+V (4.39) 

with the new per tu rba t ion term 

V'= -\mco2 [(£ + p cos 2 ß ) ( x 2 — y 2 )4 -ps in 2 ß • 2 x y ] 

— sin a [cos ß(Lx 4- )mtt) f cos a • xz) 

+ sin ß (Ly + | m cof cos a • y z)], (4.40) 

where Lx, Ly are componen t s of the canonical angular 
m o m e n t u m L = xxp. The new per tu rba t ion term V is 
of order / 2 and the t ime-independent term in its 
Four ier expansion vanishes, ,4^00 = 0. According to 
Sect. 3, the lowest nonvanishing term in the per turba-
tion series is of order z 4 and can be computed f rom 
(3.38), H(J) = H'0(J) + ;.4H4(•/) + . . . , using (3.11 )-(3.14), 
(3.32), (3.34). The characterist ic frequencies to order /.4 

are given by (3.40). Omi t t ing all fur ther details we 
quote the final results: 

Q+ = co'+ + 
3 co'2+co'2 cot • |e + p e 2iß\2 

I CO, I COX COC CO+ 

Q - = co'_ — 
co2 sin2 a 3co'} + co'2 co4 • |e + p c 2iß\2 

Q. = co', — 

®1 

co' sin2 a 

co_ 8 co\ co'c coL 

ICOJ co. 

co'} + 3 co'2 

COj 
co'2 — co'z 

— co_ (4.41) 

No te that the second term in these equat ions contains 
coc, not co'c, and that the third term in the first two 
equat ions conta ins coz, no t coz. 

The results of both calculational methods can now 
be compared numerically against the exact values of the 
characterist ic frequencies as obta ined by the method 
of Brown and Gabrielse [4], O u r calculations were 
done with t rapp ing parameters appropr ia t e for a pro-
ton (v+ = 76.34 MHz , v_ = 662.85 kHz, vz = 10.06 MHz) 
[3]. In Table 1 we have collected the relative errors 
(ßapprox-ßexact)/ßexact of the characterist ic frequencies 
for bo th methods and two sets of pe r tu rba t ion para-
meters. 

O n e notes at once tha t M e t h o d I yields results that 
are in compar i son to those of Me thod II more accu-
rate by several orders of magni tude, in part icular for 
the modified cyclotron frequency and the axial fre-
quency. Go ing f rom H0 to H'0 means an improvement 
of the frequencies in M e t h o d I but a deter iorat ion in 
Me thod II. This can be unders tood f rom the fact that 
the per tu rba t ion paramete r p of M e t h o d II contains 
the large factor (coc/coz)2 (cf. (4.36)). Physically, the 
superiority of Me thod I tells us that the direction and 
strength of the magnetic field is a much more important 
feature than the details of the geometry of the elec-
trodes. This fact should be kept in mind also in setting 
up per tu rba t ion schemes for more general situations. 
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Table 1. Accuracy of the perturbation approach in case of misaligned geometry. 

Approximation Method I Method II 

ÖQ+/Q+ ÖQ_/Q_ öQJQ: SQ+/Q+ 6QJQ, 

Perturbation parameters: x = l°, ß = 0°, e = 0 
H0 -4 .11 x l O " 6 +2.38 x 10~4 - 2 . 3 3 x l 0 " 4 —4.11 x 10"6 + 2 . 3 8 x l 0 " 4 - 2 . 3 3 x l 0 - 4 

H'0 —1.06 x 10~7 +9.13 x 10~6 —6.94 x 10~4 - 1 . 2 0 x l 0 " 4 + 2 . 4 7 x l 0 " 3 - 4 . 5 8 x l 0 ~ 3 

Hp + ; 4 H 4 —4.17 x 10"1 3 +9.82 x 10~9 - 8 . 6 0 x l 0 ~ 8 -1 .61 x l O " 8 + 2 .62xl0~ 6 —1.12 x 10 - 5 

//^ + ; 4 / / 4 + ;.6//6 < 1 0 " 1 3 +8.43 X10~9 + 2.29X10~7 

Perturbation parameters: a = 3°, ß = 45°, e = 0.3 
H0 —4.03 x 10~5 +2.14 x 10 - 3 +4.61 x 10~2 - 4 . 0 3 x l 0 " 5 + 2 . 1 4 x l 0 " 3 +4.61 x l 0 ~ 2 

H'0 —4.34 x 10~6 +8.14 x 10~5 + 4 . 1 8 x l 0 - 2 - 1 . 0 8 x l 0 " 3 + 2 . 2 0 x l 0 - 2 + 5 . 1 7 x l 0 ~ 3 

HÖ + / 4 H 4 + 5.05 x 10"1 0 —8.83 x 10"7 +1.21 x 10"3 +1.31 x 10 - 6 + 2 .04x l0~ 4 - 1 . 7 9 x l 0 ~ 3 

//O + /.4H4 + ;.6H6 +4.69 x l O " 1 1 +6.55 x 10~7 +8.43 x 10"4 

The table lists the relative errors <5ß/ß = (ßapprox—ßexac t)/ßc! [ac t, assuming for the ideal configuration (a = ß = e = 0) the 
frequency v+ =76.34 MHz, v_ = 662.85 MHz, v. = 10.06 MHz (appropriate for a trapped proton). 

4.3. Perturbation by Inhomogeneities 
of the Magnetic Field 

O u r last case study deals with the per turba t ion of the 
characteristic frequencies by inhomogeneit ies of the 
magnetic field, which may for instance be caused by 
the magnetizat ion of the electrodes. As in our previous 
examples two clearly separated problems have to be 
solved: (i) the geometry of the specific experimental 
a r rangement must be analyzed to determine the 
per turbing vector potential ÖA, (ii) the per tu rba t ion 
theory of Sect. 3 must be applied to find the shifts of 
the characteristic frequencies due to ÖA. 

For the purpose of demons t ra t ion it is sufficient to 
discuss the simplest possible geometry. The electrodes 
are assumed to be manufac tured of a paramagnet ic 
( ^ > 1 ) or diamagnet ic ( n < l ) metal and to possess 
uniform magnet izat ion 

M = 
471 V// + 2 

B n (4.42) 

For uniform magnet izat ion, the per turba t ion ÖA of 
the vector potential stems solely f rom the sudden 
change of M at the surface of the electrodes. Accord-
ing to Jackson [11] we have 

< 5 / 4 ( J C ) = Oda 
; Mx n'(x') 

x — x 
(4.43) 

to the surface at the surface point JC' and point ing into 
the region of the electrodes. Our perturbat ion approach 
of Sect. 3 requires knowledge of SA near the center of 
the trap. It is therefore sufficient to in t roduce into 
(4.43) an expansion in terms of spherical ha rmonics 
and to compute the first few coefficients. Deno t ing 
spherical coordinates for x by r = | x | , 0, </> (similarly 
r' = \x'\, 6'. 6' for x') we have 

SA(x)=T I 
4 TC 

1 = 0 m= -I 2 / + 1 
rlYlm(6, 0) 

• Oda'Mx n'(x') 
Y f j e ' , 

(4.44) 

For a fur ther evaluation of the integral we must 
choose some definite geometry. The simplest s i tuat ion 
is obtained when the outer surfaces of the electrodes 
are removed to infinity and only the inner surfaces 
facing the interior of the t rap are kept. In o ther words, 
except for the interior of the t rap the whole space 
(hatched region in Fig. 1) is assumed to be filled with 
material of permeability p and uniform magnet iza t ion 
M. An approximately similar si tuation is encountered 
in practice when the t rap is constructed with massive 
metal electrodes. Assuming the electrodes to be real-
ized as hyperboloids of revolution, 

ring electrode: 

cap electrodes: 

x2 + y2-lz2= rl, 
2 z 2 - x 2 - y 2 = 2 r 2 , 

(4.45) 

where the integration extends over the surface area of 
the electrodes and where ri (x') is a unit vector normal 

the integrals in (4.44) can easily be evaluated. The only 
nonvanishing terms are those with odd / and m = + 1. 
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O n e obtains 

SA (x) = 
p + 2 

^ + f , n ( 1 + l/3>) 

+ 
1 

4]/3 
(4z2 — x2 — y2) + .. 

(p — l)(/?/r0)2 . F o r an ensemble of t rapped particles a 
frequency distr ibution with a small, but finite width 
will be observed. 

A0(x). (4.46) 5. Concluding Remarks 

To find the shift of the characterist ic frequencies we 
define, according to Sect. 3, 

co\ = ] / co ' 2 -2co 2
z , (4.47) 

Ü)'+ = ±(Ü)'C + (D\), Col = \(OJ'C- Oj'j), 

thus taking into account the cons tan t term in the 
square bracket of (4.46). The remaining term gives rise 
to a per turba t ion of order / 4 , which according to 
(3.38) requires the computa t ion of the t ime average 

<(4 z2-x2-y2)(xpy-ypx-\mco'c (x2 + y2))>. 

The result is 

/ 4 H 4 ( J + , J _ , J _ ) 

3 ( p - l ) coc 

0 + 2 ]/lmr2
0 

1 

1 

co1(oz 
(co'+ J+ J . —col J_ Jz) 

Ito'i 
-r (co'+ Jl + col Jz — 2cj'c J+ J_) . (4.48) 

Finally the per turbed characterist ic frequencies up to 
order /.4 are obtained f rom (3.40) as 

Ö , = col 1 + 
3 ( P ~ 1 ) 

p + 2 

OK Jz j+ col + — — f + 

Q_ = col 1 + 

] / 3 co\mr2\ (J)z a>\ o)'J_ 

3 ( P ~ 1 ) 
p + 2 

(4.49) 

Jz J- ^ col 

j / 3 CJ\mr2\ OJz OJ\ co l CO\ 

Q- = ox 1 + 
3 ( p - l ) co„ 1 

(co; J+ — coU_) 
P + 2 ]ßoi\mr2 CO 

We note a dependence of the Qj on the constants of 
mot ion Jk of the individual particle orbit . By means of 
(2.16) the Jk can be expressed approximate ly by the 
ampli tudes R + , Z. Thus the order of magni tude 
of the A4 cont r ibut ion is domina ted by the factor 

We have studied in this paper the shifts of the char-
acteristic frequencies of an ion t rapped in a Penning 
cage, with an imperfect geometry causing deviat ions 
of the electromagnetic field configurat ion f rom the 
ideal one. The unders tanding and interpreta t ion of 
such frequency shifts is a problem of considerable 
practical importance. Our method is based on classical 
hamil tonian per turba t ion theory in terms of act ion-
angle variables, as it was originally developed by 
Poincare for the needs of celestial mechanics. The re-
quired input are the deviations (near the center of the 
trap) of the actual electromagnetic potentials <2>, A 
from the potentials <P0, A0 of the ideal configurat ion. 
In practice these deviations S<P, SA can be computed 
or estimated f rom the geometry of the actual appa ra -
tus, or they follow as consequences of hypotheses tha t 
one wants to test as explanat ions of observed fre-
quency shifts. Once the deviations S<P, SA are given, be 
it by actual computa t ion or by hypothesis, the general 
per turbat ion theory yields a computa t iona l prescrip-
tion suitable for practical calculations. This has been 
demonstra ted by means of several case studies. In one 
case, where the exact solution is known, the pe r tu rba-
tion series was found to give results of high precision in 
the parameter range that is impor tan t in practice. It 
was found that the direction of the magnetic field is a 
physical parameter whose impor tance dominates over 
details of the geometry of the electrodes. F o r high 
precision results, the calculation should therefore be 
arranged in such a way that the homogeneous mag-
netic field is in its entirety included in the 0th order 
hamiltonian. 

This paper only has dealt with static per turbat ions . 
However, classical hamil tonian per turba t ion theory 
can also be applied to per turba t ions that are periodic 
in time or otherwise t imedependent . O u r studies of 
such problems will be described elsewhere. 
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